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Abstract Based on the wave-particle duality of light, the Schrödinger equation for a

photon as a particle is established to treat the light coupling effect by introducing concepts

of the virtual mass and potential for a photon, which is different from the previous method

that uses the analogy with quantum mechanics. The virtual mass is physically correlated to

the kinetic energy according to Einstein’s energy–momentum relation. As a consequence,

this new model has merits of physical simplicity and analytic nature. This new model can

well explain the exponential dependence of the light coupling effect on the physical

parameters in coupled waveguides on, which can be observed in the experimental and

simulation data reported in the literature. Moreover, an explicit expression for the coupling

length (coefficient) on the effects of physical parameters can be obtained by virtue of this

new model, whereas the previous modal approach and the coupled-wave model resulted in

implicit expressions. This new model does not only give a better physical understanding

but also offers a possibility to design and fabricate optic devices based on the light

coupling effect by optimizing the physical parameters.
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1 Introduction

Coupling effect in waveguides (e.g., the evanescent coupling between two parallel optical

waveguides), which enables the transfer of light from one waveguide to an adjacent

waveguide, is very important for a variety of applications such as switching, power

division, dispersion compensation, and frequency (polarization) selection (Zheng et al.

2015; Moghaddam et al. 2010; Kuchinsky et al. 2002; Li et al. 2010; Wang et al. 2010;

Kumar et al. 1985; Mortensen et al. 2003; Uthayakumar et al. 2012; Obayya et al. 2000;

Singh 1999; Gorajoobi et al. 2013; Chaudhari and Gautam 2000; Headley et al. 2004;

Suzuki et al. 1994; Song et al. 2011; Sha et al. 2015; Henry and Verbeek 1989; Imotijevic

et al. 2007; Yu et al. 2014; Xu et al. 2014; Marom et al. 1984; Djordjev et al. 2002; Zhou

et al. 2013; Ali et al. 2008; Bird 1990; Shakouri et al. 1998; Sun 2007; Noda et al. 1981).

How the coupling length changes with the width of the separation layer on the coupling

structure was studied in Zheng et al. (2015), Li et al. (2010), Singh (1999), Gorajoobi et al.

(2013), Chaudhari and Gautam (2000), Suzuki et al. (1994), Song et al. (2011), Sha et al.

(2015), Imotijevic et al. (2007), Marom et al. (1984), Yariv (1973). The relation between

the coupling length and the wavelength was reported in Moghaddam et al. (2010), Kumar

et al. (1985), Mortensen et al. (2003), Uthayakumar et al. (2012), Gorajoobi et al. (2013),

Henry and Verbeek (1989), whereas the relation between the coupling length and the

relative dielectric constant of the separation layer was reported in Wang et al. (2010),

Obayya et al. (2000), Sun (2007), Noda et al. (1981), and the relation between the coupling

length and the width of the waveguide was reported in Yu et al. (2014), Xu et al. (2014).

Moreover, the relation between the coupling coefficient and the width of the separation

layer was studied in Li et al. (2010), Djordjev et al. (2002), Zhou et al. (2013), Ali et al.

(2008), Bird (1990), while the relation between the coupling coefficient and the frequency

(wavelength) of light was investigated in Moghaddam et al. (2010), Shakouri et al. (1998).

Control of the coupling length is certainly one deciding factor to the success of optic

devices based on directional couplers. Note that the method to obtain the coupling length is

approximate because there is not an exact analytical solution to the wave equation (Kumar

et al. 1985). The modal approach (Yariv 1973) and the coupled-wave approach (Suematsu

and Kishino 1977) are two approaches to the problem of two coupled waveguides. In

addition, an approach using the eigenvalue caused by the linear defect in the photonic

crystal was proposed to determine the coupling length (Kuchinsky et al. 2002). One

drawback of these approaches is that the physical origin of the coupling effect is unclear

and there is not exact analytical solution, although their results are consistent with the

experiments and simulations. A better understanding on the coupling effect can lead to

optical directional couplers, which are important building blocks in photonic circuits, with

better performances but simpler fabrication processes.

In studies of photonic circuits and optical devices, most researchers treat the optical

problem or the electromagnetic problem using a close mathematical analogy between the

Schrödinger equation and the Helmholtz equation for electromagnetic wave (Joannopoulos

et al. 2011; Olkhovsky 2014; Keller 2001; Lenstra and van Haeringen 1990; Dragoman and

Dragoman 2004 and the references therein). Over several decades of work, researchers

have only recently begun to understand the true nature of such a wave function for a photon

(Smith and Raymer 2007 and the references therein). There is a little study on photonic

circuits and optical devices via using the concept of the particle properties of light. In this

work, the particle properties of light are adopted to establish the Schrödinger equation for a

photon. Note that the particle tunneling can be also treated as an evanescent wave coupling

effect that occurs in quantum mechanics, while an evanescent wave coupling in optics
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refers to the coupling between two waveguides. Both the particle tunneling theory and the

uncertainty principle are utilized to explain the light coupling effect in this paper.

The wave-particle duality holds that matter and light exhibit properties of both waves

and particles. The purpose of this work is to shed some light on the coupling effect by

virtue of the tunneling theory and the uncertainty principle in quantum mechanics based on

the particle properties of light, which is different from the previous method that uses a

close mathematical analogy between the Schrödinger equation and the Helmholtz equation

to treat the optic problem or the electromagnetic problems. In particular, a new physical

model relevant to the coupling effect in coupled waveguides according to the uncertainty

principle and the tunneling theory is proposed. Through its physical simplicity and analytic

nature, such a new model can be applied to describe the experimental results and provide

the knowledge on how the physical parameters of coupled waveguides can affect the

performances.

This new model illustrates that the physical origin of the light coupling effect can be

explainable by the particle tunneling theory and the uncertainty principle because light is

also a particle. In addition, a concept of potential can be developed to measure the effective

dielectric constant for materials using the coupling effect of light. This new model also

states that the coupling length and the coupling efficient can be modulated or tuned by

choosing or modulating the width of waveguide, the separation between the waveguides,

and the effective dielectric constant of the separation. Hence, optical directional couplers

can be reasonably designed to achieve desirable performance by virtue of this new model.

One may find that this new model is not only physical simplicity but also has great value in

practical applications.

2 Theory

Electromagnetic field or light in a source-free dielectric space is described by Maxwell’s

equations (e.g., Fitzpatrick 2008)

r � D
*

¼ q ¼ 0 ð1Þ

r � B
*

¼ 0 ð2Þ

r � E
*

¼ � oB

*

ot
ð3Þ

r � B
*

¼ le
o E

*� �

ot
¼ 1

c2

o E

*� �

ot
ð4Þ

where q is the free charge density, l is the permittivity of the dielectric space, e is the

permeability of the dielectric space, c is the light velocity in the dielectric space, t is the

time, D
*

is the displacement field vector, B
*

is the magnetic field vector, and E
*

is the electric

field vector. Noting that r�r� E
*

¼ � 1
�
c2

� �
o2E

*
.
ot2

� �
and r�r� E

*

¼

r r � E
*

� �
� r2E

*

, we get
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r2E
*

� 1

c2

o2E

*

ot2
¼ 0 ð5Þ

For a plane wave, E
*

x; tð Þ ¼ E
*

0e
i k

*

�x
*

�xt

� �
, propagating in the x-direction in a lossless

medium space, Eq. (5) becomes

o2

ox2
� 1

c2

o2

ot2

� �
E
*

¼ k2 � x2

c2

� �
E
*

0e
i k

*

�x
*

�xt

� �
¼ 0 ð6Þ

where k
*

is the wave vector, and x is the angular frequency. Equation (6) requires

k2 � x2
�
c2

� �
¼ 0. Considering the photon energy of E ¼ hv ¼ �hx and its momentum of

p ¼ h=k ¼ �hk (herein h is the Planck constant, �h is the reduced Planck constant, and k is

the wavelength of light), Eq. (6) can be rewritten as

p2 � E2

c2

� �
E
*

0e
i k

*

�x
*

�xt

� �
¼ 0 ð7Þ

The Schrödinger equation is used to describe a physical system with quantum effects

(such as wave-particle duality) being significant. There are two key parameters in the

Schrödinger equation. One is the effective mass of the particle, the other is the potential.

Thus, a virtual mass and the potential for a photon is need to be introduced for building a

Schrödinger equation of a photon. Such a virtual mass and the potential can be introduced

by comparing the Maxwell’s equations for a photon and the assumption that the potential is

zero when a photon travels in vacuum. Note that the photon momentum is determined by

the wavelength, it is correlated to the medium where a photon travels. Usually, the mass

does not change with the potential. Therefore, a virtual mass of a photon is determined by

the frequency of the light and independent of the medium where a photo travels. On the

other hand, the potential should be directly dependent of the medium where a photo travels.

When a virtual mass and the potential for a photon have been given, a Schrödinger

equation of a photon can be built, And thus we can totally copy the concept of tunneling

and the methods how to determine the tunneling in quantum mechanics to study the

coupling effect in waveguides via using the tunneling of a photon. Detail discuss will be

found in the following.

2.1 A Schrödinger equation for a photon

According to the wave-particle duality of light, the light is both a particle and a wave. Thus

the coupling effect in waveguides is similar to the case of a particle tunneling in double

well potential when the light is treated as a particle. Then we can study the photon

tunneling in the light of the methods used in the literature on tunneling in double well

potential (e.g., Song 2008; Verguilla-Berdecia 1993; Rastelli 2012; Khuat-duy and

Leboeuf 1993; Weiss et al. 1987; Benderskii and Kats 2002; Gangopadhyaya et al. 1993;

Park et al. 1998; Jelic and Marsiglio 2012; Kierig et al. 2008).

Assume that a photon can be treated as a non-relativistic particle moving along the x-

direction, and a particle in the free space can be described as a plane wave w x; tð Þ ¼
Ae

i
�h px�Etð Þ with E ¼ p2

2m
þ V .where m is the effective mass of a particle, and V is the

potential of the particle (e.g., Shankar 2012). Note that such an effective mass is a virtual
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mass not a realistic mass for a photon. In order to build a wave equation based on the

particle properties of the wave-particle duality of light, such a virtual mass (m) for a photon

is introduced into the Schrödinger equation similar to the effective electron mass, which is

used to characterize the kinetic energy of a photon when it is treated as a particle (In the

following, we will discuss it in detail). Therefore, one obtains (e.g., Shankar 2012)

i�h
ow x; tð Þ

ot
¼ � �h2

2m

o2

ox2
þ V

� �
w x; tð Þ ð8Þ

Because such a ‘‘particle’’ is a photon, it is thus also a wave. At the same time, one can

also obtain

pc ¼ E ¼ p2

2m
þ V ð9Þ

2.2 Potential for a photon

When the photon momentum p ¼ h=k ¼ �hk is the largest, i.e., the particle moves the

fastest, the corresponding wavelength is the shortest and the potential is the lowest (in the

valleys). It is well-known that the photon moves the fastest in the vacuum. Therefore, the

potential in the vacuum for a photon is defined as zero. According to Eq. (9), one obtains

m ¼ p

2c0

¼ �hx

2 c0ð Þ2
ð10Þ

where c0 is the light velocity in the vacuum. According to Einstein’s energy–momentum

relation, Etot ¼ E2
K þ m0c

2(Here Etot is total energy of a particle, EK is the sum of the

kinetic energy and the potential energy, m0 is the rest mass of a photon). Note that the rest

mass of a photon is zero, thus pc ¼ Etot ¼ 1
2
mc2.we can also obtain the same expression as

Eq. 10. Note that Etot ¼ pcð Þ2þm0c
2 ¼ E2

K þ m0c
2, the Lorentz invariance is �m0c

2 the if

the system is static for a photon (which means that the momentum is zero).

When a photon is moving in a dielectric space, the velocity is less than the light velocity

in the vacuum, and thus it can be assumed that such a decrease in the velocity is caused by

the potential. Therefore, according to Eq. (9), the potential for a photon in a dielectric

material can be obtained as

V ¼ pc� p2

2m
¼ �hx 1 � le

l0e0

� �
ð11Þ

where l0 and e0 are the permittivity and permeability of the vacuum, respectively.

Considering that the potential in the vacuum is the lowest and defined as zero, a photon

behaves like a hole when el C e0l0, and an electron when el B e0l0. Hence, when

el C e0l0, the barrier height / seen by a photon moving in a dielectric space is given as

u ¼ �hx
le
l0e0

ð12Þ
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2.3 Hole-like carrier tunneling

A photon moving through a dielectric material can be treated as a hole-like carrier tun-

neling. The time-independent one-dimensional Schrödinger equation for a photon moving

through a dielectric material with el C e0l0 can be written as (e.g., Shankar 2012)

r2 þ 2m

�h2
E

	 

w xð Þ ¼ 0 x\ 0 or x[ b ð13Þ

r2 þ 2m

�h2
E � uð Þ

	 

w xð Þ ¼ 0 0� x� b ð14Þ

where b denotes the thickness of the dielectric material. Using the usual plane wave

solution method, the wave functions in three regions can be found in Shankar (2012) and

the ‘‘Appendix’’. Therefore, the tunneling coefficient is given as

TC ¼ 2kkBð Þ2

2kkBð Þ2þ k2 þ k2
Bð Þ2

sinh2 kBbð Þ
ð15Þ

If kBb � 1 (such a condition can be satisfied when b� k or b � k), sinh kBbð Þ ! ekBb=2

and Eq. (19) becomes

TC ! 2kkBð Þ2

k2 þ k2
Bð Þ2

ekBb=2ð Þ2
! 4kkB

k2 þ k2
B

� �2

e�2kBb ! 1

x2le
e�2x

ffiffiffiffi
le

p
b ð16Þ

2.4 Photon tunneling time

The tunneling time is the time that a particle takes to transverse a spatial region. The

concept of the tunneling time in related research has remained controversial over the past

80 years (Stuchebrukhov 2016; Yang and Guo 2016; Kullie 2016; Winful 2006; Büttiker

and Landauer 1982; Steinberg 1995 and the references therein). Previous studies have

demonstrated that the physics of tunneling is essentially identical for classical light waves

and quantum mechanical waves (Steinberg 1995 and the references therein). In this study,

the transmission time can be described as Steinberg (1995)

sT ¼ m

�hk

1

T

Zb

0

dx AekBx þ Be�kBx
� �

Ae�kBx þ BekBx
� �

ð17Þ

According to the above equation and A=Bj j ¼ e2kBb, it can be concluded that the main

contribution to the tunneling time is the A2 term. Therefore, the above equation can be

approximated as
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sT � mb

�hk

ik kB � ikð Þ2
e2kBb

kB kB þ ikð Þ2
e�kBb � kB � ikð Þ2

ekBb
h i

������
������

¼ mb

�hk

k kB � ikð Þ2
ekBb

kB kB þ ikð Þ2
e�2kBb � kB � ikð Þ2

h i
������

������
ð18Þ

If kBb[ [ 1 (e.g., b� k or b � k), one can has: e�2kBb ¼ 0. Therefore, Eq. (22) can be

further approximated as

sT ¼ mb

�hkB
ekBb ! ekBb ð19Þ

2.5 Photon tunneling in double waveguides

In double waveguides with a separation layer, the wave functions in five regions can be

found in Shankar (2012) and the ‘‘Appendix’’. Matching the wave functions and their

derivatives at the boundaries, one can obtain the tunneling coefficient:

TC ¼ 4k2
B

e2ikw1 � eikbð Þ ik � kBð Þ2�e2ikw2 ik þ kBð Þ2
h i

������
������e

�2kB 2w1þbð Þ ! e�2x
ffiffiffiffi
le

p
2w1þbð Þ ð20Þ

where w1, w2, and b are the width of waveguide 1, the width of waveguide 2, and the

thickness of the separation layer, respectively.

Noting that the power transfer ratio between the two waveguides is defined as the

coupling coefficient, thus the coupling coefficient is equivalent to the tunneling coefficient.

If the photons are inputted into the left waveguide (e.g., waveguide 1) and let A2 = 1, the

transmission time in the separation region (w1 B x B w1 ? b) can be described as

(Steinberg 1995)

sT ¼ m

�hk

1

T

Zw1þb

w1

dx A3e
kBx þ B3e

�kBx
� �

A3e
�kBx þ B3e

kBx
� �

ð21Þ

Note that w1 [ k and B3=A3 ! e2kBw1 , thus kBw1 � 1 and B3 � A3. This implies that

the main contribution to the tunneling time is the B2
3 term, and thus Eq. (33) leads to

sT ¼ mb

�hk

B2
3

A4

����
����

¼ mb

�hk
�

ik þ kBð Þ2
e2ikw1 � eikb
� �

e�2ikw1 ik � kBð Þ2� ik þ kBð Þ2

�����
�����ekB 4w1þbð Þ

! m

�hk
ex

ffiffiffiffi
le

p
4w1þbð Þ

ð22Þ
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2.6 Uncertainty principle

According to the uncertainty relations between position and momentum and between time

and energy, one has

Dx � Dp� �h

2
ð23Þ

Dt � DE� �h

2
ð24Þ

where Dx is the uncertainty in position, Dp is the uncertainty in momentum, DE is the

uncertainty in energy, and Dt is the uncertainty in time. Since E ¼ pc, one can obtain:

DE ¼ c � Dp and Dp� �h= 2c � Dtð Þ.
Since one cannot assure which waveguide a photon is in during the time interval for the

photon to travel through the separation layer, thus the uncertainty in the time for the photon

can be obtained as Dt ¼ sT .

The uncertainty principle implies that the more accurate the momentum is decided (i.e.,

a smaller Dp), the less accurate the position is known (i.e., a larger Dx). Therefore, the

uncertainty in the space (the x-direction) can be obtained as

Dx ¼ �h

2Dp
� c � sT / mc

�hk
ex

ffiffiffiffi
le

p
4w1þbð Þ ð25Þ

The above equation illustrates that the uncertainty in the space (the x-direction) for the

photon is the maximum length in the waveguide where the photon can be found. The

coupling length is defined as the maximum length of the light transmission along the

waveguide (Zheng et al. 2015; Moghaddam et al. 2010; Kuchinsky et al. 2002; Li et al.

2010; Wang et al. 2010; Kumar et al. 1985; Mortensen et al. 2003; Uthayakumar et al.

2012; Obayya et al. 2000; Singh 1999; Gorajoobi et al. 2013; Chaudhari and Gautam 2000;

Headley et al. 2004; Suzuki et al. 1994; Song et al. 2011; Sha et al. 2015; Henry and

Verbeek 1989; Imotijevic et al. 2007; Yu et al. 2014; Xu et al. 2014; Marom et al. 1984;

Djordjev et al. 2002; Zhou et al. 2013; Ali et al. 2008; Bird 1990; Shakouri et al. 1998; Sun

2007; Noda et al. 1981), when the light travels from one waveguide to the adjacent

waveguide in coupled waveguides. The coupling length is also defined as the distance for

which the maximum guided power is transferred from one medium to the other (Zheng

et al. 2015; Moghaddam et al. 2010; Kuchinsky et al. 2002; Li et al. 2010; Wang et al.

2010; Kumar et al. 1985; Mortensen et al. 2003; Uthayakumar et al. 2012; Obayya et al.

2000; Singh 1999; Gorajoobi et al. 2013; Chaudhari and Gautam 2000; Headley et al.

2004; Suzuki et al. 1994; Song et al. 2011; Sha et al. 2015; Henry and Verbeek 1989;

Imotijevic et al. 2007; Yu et al. 2014; Xu et al. 2014; Marom et al. 1984; Djordjev et al.

2002; Zhou et al. 2013; Ali et al. 2008; Bird 1990; Shakouri et al. 1998; Sun 2007; Noda

et al. 1981). Therefore, the maximum length that the photon can propagate or the uncer-

tainty in the space (the x-direction) for the photon is actually the coupling length, that is,

LC ¼ c � sT .

2.7 Coupling length and coupling coefficient

The equations of the coupling length and the coupling coefficient obtained by using the

particle properties of light and the traditional methods are compared in below. According
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to Eqs. (32) and (37), the coupling length and the coupling coefficient based on the

uncertainty principle and the tunneling theory can be obtained as

LC ¼ mc

�hk

ik þ kBð Þ2
e2ikw1 � eikb
� �

e�2ikw1 ik � kBð Þ2� ik þ kBð Þ2

�����
�����ekB 4w1þbð Þ

! mc

�hk
ex

ffiffiffiffi
le

p
4w1þbð Þ

ð26Þ

P / 4k2
B

e2ikw1 � eikbð Þ ik � kBð Þ2�e2ikw2 ik þ kBð Þ2
h i

������
������e

�2kB 2w1þbð Þ ! e�2x
ffiffiffiffi
le

p
2w1þbð Þ ð27Þ

The coupling length using the modal approach is given as Yariv (1973)

LC ¼ p
2j

ð28Þ

where the parameter j can be calculated by assuming that the propagation constant of each

eigenvalue is essentially the same as that of an unperturbed waveguide via the modal

approach and the coupled-mode theory. The parameter j can be approximated only if the

modes are rigorously evaluated. The parameter j satisfies (Marom et al. 1984; Yariv 1973)

�iba þ icð ÞE1 þ jE2 ¼ 0

�j	E1 þ �ibb þ icð ÞE2 ¼ 0
ð29Þ

where c1;2 ¼ ba þ bb 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4j2 þ ba � bbð Þ2

q	 


2, and ba and bb are the propagating

constants of two waveguides, respectively. The above equations have solutions only for the

case of identical waveguides (i.e., ba ¼ bb). The power ratio between the normal modes

(which is herein named as the coupling coefficient) is given as Marom et al. (1984)

P ¼
1 þ 4j2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4j2þ ba�bbð Þ2
p

þ bb�bað Þ
� �2

1 þ 4K2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4j2þ ba�bbð Þ2

p
� bb�bað Þ

� �2

ð30Þ

For optical directional couplers based on photonic crystal, the coupling length can be

determined by Kuchinsky et al. (2002)

LC ¼ 0:5
Dx
x

V 0
groupk0 ð31Þ

where Dx is the frequency splitting, V 0
group is the group velocity in the unit of light velocity

in vacuum, and k0 is the light wavelength in vacuum. Since there is no analytical

expression for the frequency splitting, the coupling length can be determined only by

numerical calculations.

Note that the above equations start from the particle properties of light but the standard

quantization of the electromagnetic field or to the photon equation of for example Smith

and Raymer (2007) start from the wave properties. Thus, we can obtain a new physical

solution to the coupling effect based on the particle properties of light. Comparing with the

previous models (i.e., Eqs. 40, 43), this new model (i.e., Eqs. 38, 39) has merits of physical

simplicity and analytic nature. From this new model, one can readily find how the physical
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parameters (e.g., the width of the waveguide, the width of the separation layer, and the

dielectric constant of the separation layer) affect the coupling length and the coupling

coefficient, whereas it is very difficult to directly find the effects of such physical

parameters on the coupling length and the coupling coefficient from the previous models.

Therefore, this new model is not only beautiful due to its physical simplicity but also has

great value in practical applications due to its analytic nature. In the following section, a

rich supply of data from nearly 30 published articles will be used to prove the validity of

this new model.

3 Results and discussion

Figure 1 depicts how the measured transmission phase time of light changes with the

barrier thickness. The experimental data is extracted from Fig. 3 in Balcou and Dutriaux

(1997). Herein, in all the figures, symbols denote the data from the literature, where lines

represent fitting curves to the data. A good exponential fit for the data of the measured

transmission phase time versus the barrier can be clearly observed in Fig. 1. Such an

exponential relation between the tunneling time and the barrier thickness is the same as

what this new model predicts (i.e., Eq. 23).

Note that there are oscillations in the curve for TE wave. Such an oscillation phe-

nomenon resulted from the quantum interference of material waves has been observed in

electrons tunneling through a barrier (Mao et al. 2000a, b, c, 2001a, b, c, 2002; Mao and

Wang 2008 and the references therein). Such oscillations for photons may have a similar

physical origin as that for electrons because both electron and light exhibit the wave-

particle duality. It is also found that such oscillations cannot be easily observed in

experiments because of the loss of the quantum interference of material waves (Mao and

Wang 2008). Similarly, it can be concluded that those oscillations are difficult to be

observed in experiments for light. The values of Adj. R2 are around 0.99 in the most cases

for the data fitting herein.

This new model (i.e., Eq. 38) predicts that the coupling length should exponentially

depend on the frequency of light, the width of the waveguide, the width of the separation

layer, the square root of the dielectric constant of the separation layer, and the permittivity
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Fig. 1 Impact of the barrier
thickness on the transmission
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Fig. 3 in Benderskii and Kats
(2002)
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of the separation layer. Moreover, this new model (i.e., Eq. 39) also predicts that the

coupling coefficient has a similar behavior as the coupling length.

Figure 2 depicts the logarithm of the coupling length versus the width of the separation

layer. The data is from Zheng et al. (2015), Li et al. (2010), Singh (1999), Gorajoobi et al.

(2013), Chaudhari and Gautam (2000), Suzuki et al. (1994), Song et al. (2011), Sha et al.

(2015), Imotijevic et al. (2007), Marom et al. (1984), Yariv (1973). From Fig. 2, it can be

clearly observed that the logarithm of the coupling length linearly depends on the width of

the separation layer, which is the same as that predicted by this new model (i.e., Eq. 38).

The oscillations in the curve of the coupling length versus the width of the separation layer

can be observable only in the data from (Chaudhari and Gautam 2000), as shown in panel

(d). The physical origin of the oscillations is due to the quantum interference of photons

when the particle properties have been considered (Steinberg 1995; Balcou and Dutriaux

1997; Mao et al. 2000a, b, c, 2001a, b, c and the references therein).

Figure 3 depicts the coupling length versus the wavelength of light. The data is from

Moghaddam et al. (2010), Kumar et al. (1985), Mortensen et al. (2003), Uthayakumar et al.

(2012), Gorajoobi et al. (2013), Henry and Verbeek (1989). From Fig. 3, one can clearly

see that there is an exponential relation between the coupling length and the wavelength,

which is in good agreement with this new model (i.e., Eq. 38). Red lines in this figure and

the following figures represent the fitting curves using one-order exponential functions.

Figure 4 plots the coupling length versus the square root of the relative dielectric

constant of the separation layer. The data is from Wang et al. (2010), Obayya et al. (2000),

Sun (2007), Noda et al. (1981). One can readily observe that there is an exponential
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relation between the coupling length and the square root of the relative dielectric constant

of the separation layer, which is again in good agreement with this new model (i.e.,

Eq. 38). Small oscillations in the curve of the coupling length versus induced index dif-

ference can be observable only in the data from Obayya et al. (2000). All these oscillations

may have the same physical origin as that for electrons because the physics of tunneling for
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Moghaddam et al. (2010) respectively, c data from Fig. 2 in Gorajoobi et al. (2013), and d data from Fig. 5
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classical light waves is the same as that for quantum mechanical waves (Steinberg 1995,

and the references therein).

Figure 5 depicts how the coupling length changes with the width of the waveguide. The

data is from Yu et al. (2014), Xu et al. (2014). From Fig. 5, one can clearly see that there is

an exponential relation between the coupling length and the width of the waveguide, which

is in good agreement with this new model (i.e., Eq. 38). Figures 2, 3, 4 and 5 validate this

new model, which can well predict how the width of the separation layer, the wavelength

of light, the square root of the relative dielectric constant of the separation layer, and the

width of the waveguide affect the coupling length.

Figure 6 shows the coupling coefficient as a function of the width of the separation

layer. The data is from Li et al. (2010), Djordjev et al. (2002), Zhou et al. (2013). Ali et al.

(2008), Bird (1990). From Fig. 6, an exponential relation between the coupling coefficient

and the width of the separation layer can be observed, which is exactly the same as that

predicted by this new model (i.e., Eq. 39). Small oscillations in the curve of the coupling

coefficient versus the width of the separation layer can be observable only in the data from

Ali et al. (2008).

Figure 7 plots the coupling coefficient versus the frequency of light. The data is from

Moghaddam et al. (2010), Shakouri et al. (1998). From Fig. 7, it can be clearly observed

that there is an exponential relation between the coupling coefficient and the frequency

(wavelength) of light, which is again exactly as the same as that predicted by this new

model (i.e., Eq. 39). Obvious oscillations in the curve of the coupling coefficient versus the

frequency can be observable only in the data from Moghaddam et al. (2010). The reason

for such oscillations has been discussed in the preceding. Figures 6 and 7 validate this new

model, which can exactly predict how the width of the separation layer and the frequency

of light affect the coupling coefficient.
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4 Conclusions

A method for evaluating the coupling length and the coupling coefficient of parallel

coupled channel waveguides was proposed. This new model is based on the wave-particle

duality of light by virtue of the newly introduced concepts of the virtual mass and potential

for a photon, the uncertainty principle and the tunneling theory in quantum mechanics,

which is different from the previous method that uses a close mathematical analogy

between the Schrödinger equation and the Helmholtz equation to solve the optic problem

or the electromagnetic problem.
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From the particle properties of light (i.e., the light behaves both as a particle and as a

wave), the Schrödinger equation for a photon was firstly established via the assumption

that the largest photon momentum corresponds the fastest speed or the lowest potential,

and thus the potential in the vacuum is set as zero. Secondly, the law of the coupling

coefficient was deduced by solving the Schrödinger equation of a photon with assistance of

the particle tunneling theory in quantum mechanics. The particle properties of light show

that a photon through a dielectric layer behaves like a hole (when el C e0l0) or an electron

(when el B e0l0) through a barrier. Then, considering that the coupling length is caused by

the uncertainty in the space for the photon, the law of the coupling length was also deduced

by virtue of the uncertainty principle and the tunneling theory.

By analyzing the experimental (or simulation) data in nearly 30 previously published

articles, one can observe that the coupling length and the coupling coefficient are expo-

nentially dependent on the frequency of light, the width of the waveguide, the width of the

separation layer, and the square root of the dielectric constant of the separation layer,

which can be well predicted by this new model.
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Appendix

C Hole-like carrier tunneling: the wave functions in three regions: w xð Þ ¼ eikx þ Re�ikx

(x\ 0); w xð Þ ¼ Ae�kBx þ BekBx(0 B x B )b; w xð Þ ¼ Teikx(x[ b). Here k ¼
ffiffiffiffiffiffiffi
2mE

p

�h ,

kB ¼
ffiffiffiffiffiffiffi
2mu

p

�h ¼ x
ffiffiffiffiffi
le

p
. Matching the wave functions and their derivatives at the boundaries

(x = 0 and x = b) leads to:1 þ R ¼ Aþ B, Ae�kBb þ BekBb ¼ Teikb, �kBAe
�kBbþ

kBBe
kBb ¼ ikTeikb, and thus

T ¼ e�ikb 4ikkB

kB þ ikð Þ2
e�kBb � kB � ikð Þ2

ekBb
ð32Þ

R ¼¼
kBð Þ2þk2

h i
e�kBb� kBð Þ2þk2

h i
ekBb

kB þ ikð Þ2
e�kBb� kB � ikð Þ2

ekBb
ð33Þ

A ¼ 2ik kB � ikð ÞekBb

kB þ ikð Þ2
e�kBb � kB � ikð Þ2

ekBb
ð34Þ

B ¼ 2ik kB þ ikð Þe�kBb

kB þ ikð Þ2
e�kBb� kB � ikð Þ2

ekBb
ð35Þ

E Photon tunneling in double waveguides: the wave functions in five regions are

Region 1 ðx\0Þ : w xð Þ ¼ B1e
kBx

Region 2 ð0� x�w1Þ : w xð Þ ¼ A2e
ikx þ B2e

�ikx

Region 3 ðw1 � x�w1 þ bÞ : w xð Þ ¼ A3e
�kBx þ B3e

kBx
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Region 4 ðw1 þ b\x\w1 þ w2 þ bÞ : w xð Þ ¼ A4e
�kBx þ B4e

kBx

Region 5 ðx[w1 þ w2 þ bÞ : w xð Þ ¼ A5e
�kBx

Matching the wave functions and their derivatives at the boundaries, one can obtain the

following equations:

B1

A2

¼ ik

ik þ kB
ð36Þ

B2

A2

¼ ik�kB

ik þ kB
ð37Þ

A3

A2

¼ 2kB ik þ kBð Þe�kBw1

k2
B þ k2ð Þ eikw1�e�ikw1ð Þ ð38Þ

B3

A2

¼ 2kB ik þ kBð ÞekBw1

eikw1 ik þ kBð Þ2�e�ikw1 ik�kBð Þ2
ð39Þ

A4

A3

¼ 2kB ik � kBð Þe�kB w1þbð Þ

eik w1þbð Þ e2ikw2 ik þ kBð Þ2� ik�kBð Þ2
h i ð40Þ

B4

A4

¼ ik þ kBð Þ
ik � kBð Þ e

2ik w1þw2þbð Þ ð41Þ

A4

A5

¼ e�kB w1þw2þbð Þ

eik w1þw2þbð Þ þ ikþkBð Þ
ik�kBð Þ e

ik w1þw2þbð Þ
ð42Þ

T ¼ A4

A2

¼ 4k2
Be

�kB 2w1þbð Þ

e2ikw1�eikbð Þ ik�kBð Þ2�e2ikw2 ik þ kBð Þ2
h i ð43Þ
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Büttiker, M., Landauer, R.: Traversal time for tunneling. Phys. Rev. Lett. 49, 1739–1742 (1982)
Chaudhari, C., Gautam, D.K.: Analysis of SiO2/TiO2–SiO2/SiO2 coupled parallel waveguide structures

using computer aided design techniques. Opt. Commun. 181, 61–69 (2000)
Djordjev, K., Choi, S.J., Dapkus, P.D.: Study of the effects of the geometry on the performance of vertically

coupled InP microdisk resonators. J. Lightwave Technol. 20, 1485–1491 (2002)
Dragoman, D., Dragoman, M.: Analogies between ballistic electrons and electromagnetic waves. In:

Dragoman, D., Dragoman, M. (eds.) Quantum-Classical Analogies, pp. 9–62. Springer, Berlin Hei-
delberg (2004)

335 Page 16 of 18 L.-F. Mao et al.

123



Fitzpatrick, R.: Maxwell’s Equations and the Principles of Electromagnetism. Jones Bartlett Publishers,
Hingham (2008)

Gangopadhyaya, A., Panigrahi, P.K., Sukhatme, U.P.: Supersymmetry and tunneling in an asymmetric
double well. Phys. Rev. A 47, 2720 (1993)

Gorajoobi, S.B., Kaykisiz, M.M., Bulgan, E.: Characterization of strongly coupled Si-wire waveguides for
high-density optical WDM and sensing applications. J. Lightwave Technol. 31, 3469–3476 (2013)

Headley, W.R., Reed, G.T., Howe, S., Liu, A., Paniccia, M.: Polarization-independent optical racetrack
resonators using rib waveguides on silicon-on-insulator. Appl. Phys. Lett. 85, 5523–5525 (2004)

Henry, C.H., Verbeek, B.H.: Solution of the scalar wave equation for arbitrarily shaped dielectric waveg-
uides by two-dimensional Fourier analysis. J. Lightwave Technol. 7, 308–313 (1989)

Imotijevic, B.D., Thomson, D., Gardes, F.Y.: Tailoring the response and temperature characteristics of
multiple serial-coupled resonators in silicon on insulator. In: Proceedings of SPIE 2007, 64770B
(2007)

Jelic, V., Marsiglio, F.: The double-well potential in quantum mechanics: a simple, numerically exact
formulation. Eur. J. Phys. 33, 1651 (2012)

Joannopoulos, J.D., Johnson, S.G., Winn, J.N., Meade, R.D.: Photonic Crystals: Molding the Flow of Light.
Princeton University Press, Princeton (2011)

Keller, O.: On the quantum physical relation between photon tunnelling and near field optics. J. Microsc.
202, 261–272 (2001)

Khuat-duy, D., Leboeuf, P.: Multiresonance tunneling effect in double-well potentials. Appl. Phys. Lett. 63,
1903–1905 (1993)

Kierig, E., Schnorrberger, U., Schietinger, A., Tomkovic, J., Oberthaler, M.K.: Single-particle tunneling in
strongly driven double-well potentials. Phys. Rev. Lett. 100, 190405 (2008)

Kuchinsky, S., Golyatin, V.Y., Kutikov, A.Y., Pearsall, T.P., Nedelikovic, D.: Coupling between photonic
crystal waveguides. IEEE J. Quantum Elect. 38, 1349–1352 (2002)

Kullie, O.: Tunneling time in attosecond experiments, intrinsic-type of time. Keldysh, and Mandelstam–
Tamm time. J. Phys. B At. Mol. Opt. 49, 095601 (2016)

Kumar, A., Kaul, A.N., Ghatak, A.K.: Prediction of coupling length in a rectangular-core directional
coupler: an accurate analysis. Opt. Lett. 10, 86–88 (1985)

Lenstra, D., van Haeringen, W.: Playing with electrons and photons in rings. In: van Haeringen, W., Lenstra,
D. (eds.) Analogies in Optics and Micro Electronics, pp. 3–19. Springer, Netherlands (1990)

Li, Q., Song, Y., Zhou, G., Su, Y., Qiu, M.: Asymmetric plasmonic-dielectric coupler with short coupling
length, high extinction ratio, and low insertion loss. Opt. Lett. 35, 3153–3155 (2010)

Mao, L.F., Wang, Z.O.: An analytical approach for studying the resonant states in mesoscopic devices using
the phase coherence of electron waves. Superlattice. Microst. 43, 168–179 (2008)

Mao, L., Tan, C., Xu, M.: Thickness measurements for ultrathin-film insulator metal–oxide–semiconductor
structures using Fowler-Nordheim tunneling current oscillations. J. Appl. Phys. 88, 6560–6563 (2000a)

Mao, L., Tan, C., Xu, M.: Study of Fowler–Nordheim tunneling current oscillations of thin insulator MOS
structure by wave interference method. Solid State Electron. 44, 1501–1506 (2000b)

Mao, L., Wei, J.L., Tan, C., Xu, M.: Determination of the effective mass of ballistic electrons in thin silicon
oxides films using tunneling current oscillations. Solid State Commun. 114, 383–387 (2000c)

Mao, L., Zhang, H., Wei, J., Mu, F., Tan, C., Xu, M.: Numerical analysis for the effects of interface
roughness on the attenuation amplitudes of Fowler–Nordheim tunneling current oscillations in ultrathin
MOSFETs. Solid State Electron. 45, 1081–1084 (2001a)

Mao, L., Tan, C., Xu, M.: Measurements of the widths of transition regions at Si–SiO2 interfaces in metal–
oxide–semiconductor structures from quantum oscillations in Fowler–Nordheim tunneling current.
Solid State Commun. 119, 67–71 (2001b)

Mao, L., Tan, C., Xu, M.: Numerical analysis for the effects of SiO2/Si interface roughness on quantum
oscillations in ultrathin MOSFETs. Solid State Electron. 45, 773–776 (2001c)

Mao, L., Tan, C., Xu, M.: The effect of transition region on the direct tunneling current and Fowler–
Nordheim tunneling current oscillations in ultrathin MOS structures. Microelectron. Reliab. 42,
175–181 (2002)

Marom, E., Ramer, O.G., Ruschin, S.: Relation between normal-mode and coupled-mode analyses of
parallel waveguides. IEEE J. Quantum Electron. 20, 1311–1319 (1984)

Moghaddam, M.K., Attari, A.R., Mirsalehi, M.M.: Improved photonic crystal directional coupler with short
length. Photon. Nanostruct. 8, 47–53 (2010)

Mortensen, N.A., Nielsen, M.D., Folkenberg, J.R., Petersson, A., Simonsen, H.R.: Improved large-mode-
area endlessly single-mode photonic crystal fibers. Opt. Lett. 28, 393–395 (2003)

Noda, J., Fukuma, M., Mikami, O.: Design calculations for directional couplers fabricated by Ti-diffused
LiNbO3 waveguides. Appl. Opt. 20, 2284–2290 (1981)

Modeling of light coupling effect using tunneling theory… Page 17 of 18 335

123



Obayya, S.S.A., Rahman, B.M.A., El-Mikati, H.A.: New full-vectorial numerically efficient propagation
algorithm based on the finite element method. J. Lightwave Technol. 18, 409–415 (2000)

Olkhovsky, V.S.: On the multiple internal reflections of particles and photons tunneling in one, two, or three
dimensions. Phys. Uspekhi 57, 1136–1145 (2014)

Park, C.S., Jeong, M.G., Yoo, S.K., Park, D.K.: Double-well potential: the WKB approximation with phase
loss and anharmonicity effect. Phys. Rev. A 58, 3443 (1998)

Rastelli, G.: Semiclassical formula for quantum tunneling in asymmetric double-well potentials. Phys. Rev.
A 86, 012106 (2012)

Sha, X., Li, W., Li, H., Li, Z.: Polarization splitter based on hybrid-cladding dual-core photonic crystal
fibers. Optik 126, 2331–2334 (2015)

Shakouri, A., Liu, B., Kim, B.G., Abraham, P., Jackson, A.W., Gossard, A.C.: Wafer-fused optoelectronics
for switching. J. Lightwave Technol. 16, 2236–2242 (1998)

Shankar, R.: Principles of Quantum Mechanics. Springer, New York (2012)
Singh, B.R.: Silica based planar lightwave circuits: status, perspective and future. IETE J. Res. 45, 345–353

(1999)
Smith, B.J., Raymer, M.G.: Photon wave functions, wave-packet quantization of light, and coherence

theory. New J. Phys. 9, 414 (2007)
Song, D.Y.: Tunneling and energy splitting in an asymmetric double-well potential. Ann. Phys. 323,

2991–2999 (2008)
Song, Y., Yan, M., Yang, Q., Tong, L.M., Qiu, M.: Reducing crosstalk between nanowire-based hybrid

plasmonic waveguides. Opt. Commun. 284, 480–484 (2011)
Steinberg, A.M.: How much time does a tunneling particle spend in the barrier region? Phys. Rev. Lett. 74,

2405–2408 (1995)
Stuchebrukhov, A.: Tunneling time and the breakdown of born-oppenheimer approximation. J. Phys. Chem.

B 120, 1408–1417 (2016)
Suematsu, Y., Kishino, K.: Coupling coefficient in strongly coupled dielectric waveguides. Radio Sci. 12,

587–592 (1977)
Sun, X.: Wavelength-selective coupling of dual-core photonic crystal fiber with a hybrid light-guiding

mechanism. Opt. Lett. 32, 2484–2486 (2007)
Suzuki, S., Yanagisawa, M., Hibino, Y., Oda, K.: High-density integrated planar lightwave circuits using

SiO2–GeO2 waveguides with a high refractive index difference. J. Lightwave Technol. 12, 790–796
(1994)

Uthayakumar, T., Raja, R.V.J., Porsezian, K.: All-optical steering of light through nonlinear twin-core
photonic crystal fiber coupler at 850 nm. J. Lightwave Technol. 30, 2110–2116 (2012)

Verguilla-Berdecia, L.A.: Tunneling in a quartic, symmetric, double well potential: a simple solution using a
hermite basis. J. Chem. Educ. 70, 928 (1993)

Wang, Q., Cui, Y., Zhang, J., Yan, C., Zhang, L.: The position independence of heterostructure coupled
waveguides in photonic-crystal switch. Optik 121, 684–688 (2010)

Weiss, U., Grabert, H., Hänggi, P., Riseborough, P.: Incoherent tunneling in a double well. Phys. Rev. B 35,
9535 (1987)

Winful, H.G.: Tunneling time, the Hartman effect, and superluminality: a proposed resolution of an old
paradox. Phys. Rep. 436, 1–69 (2006)

Xu, D.X., Schmid, J.H., Reed, G.T., Mashanovich, G.Z., Thomson, D.J., Nedeljkovic, M., Chen, X., Van
Thourhout, D., Keyvaninia, S., Selvaraja, S.K.: Silicon photonic integration platform—have we found
the sweet spot. IEEE J. Sel. Top. Quant. 20, 189–205 (2014)

Yang, P.F., Guo, Y.: Spin-dependent tunneling time in periodic diluted-magnetic-semiconductor/nonmag-
netic-barrier superlattices. Appl. Phys. Lett. 108, 052402 (2016)

Yariv, A.: Coupled-mode theory for guided-wave optics. IEEE J. Quantum Electron. 9, 919–933 (1973)
Yu, L., Barakat, E., Nakagawa, W., Herzig, H.P.: Investigation of ultra-thin waveguide arrays on a Bloch

surface wave platform. J. Opt. Soc. Am. B 31, 2996–3000 (2014)
Zheng, J., Yu, L., He, S., Dai, D.: Tunable pattern-free graphene nanoplasmonic waveguides on trenched

silicon substrate. Sci. Rep. 5, 7987 (2015)
Zhou, Y., Yu, X., Zhang, H., Luan, F.: Metallic diffraction grating enhanced coupling in whispering gallery

resonator. Opt. Express 21, 8939–8944 (2013)

335 Page 18 of 18 L.-F. Mao et al.

123


	Modeling of light coupling effect using tunneling theory based on particle properties of light
	Abstract
	Introduction
	Theory
	A Schrödinger equation for a photon
	Potential for a photon
	Hole-like carrier tunneling
	Photon tunneling time
	Photon tunneling in double waveguides
	Uncertainty principle
	Coupling length and coupling coefficient

	Results and discussion
	Conclusions
	Acknowledgements
	Appendix
	References




